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Content

* Overview TZ untuk fungsi eksponensial kausal
dan anti kausal, ROC, Zero Pole, TZ fungsi
impuls, TZ fungsi sinusoidal

* Overview ITZ : Pecahan Parsial dan Integrasi
Kontur, manipulasi ITZ berdasarkan
propertynya, ROCnya (kausal dan anti kausal),
fungsinya. contoh : ITZ fungsi logaritma f(z)
dan TZ fungsi x(n)/n.
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Latar Belakang

“Domains of representation”

Domain-n (discrete time) :
Sequence, impulse response, persamaan beda

Domain- @ :
Freq. response, spectral representation

Domain-z :
Operator, dan pole-zero

Apabila suatu kasus sulit dipecahkan pada suatu domain
tertentu, maka transformasi ke domain yang lain akan mud
menyelesaikannya.
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* Transformasi-Z Langsung
* Sifat-sifat Transformasi-Z
* Transformasi-Z Rasional
* InversTransformasi-Z

* Transformasi-Z Satu Sisi
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TRANSFORMASI-Z LANGSUNG

= Definisi :

o0

X(z)= > x(n)z™"

N=—00

= Contoh 1:
a. % (n)=1,2,5701}

Xq(2) =1+ 277 45772+ 723427

b. x,(N) =11, 2, ? 7,0,1}

X,(z)=2°+22* +5+72 7 +27°



= Contoh 2;

Tentukan transformasi Z dari beberapa sinyal di bawah ini:
a. X (n)=0o(n)
b. X,(n) =5(n—k), k>0
C. Xa(n) =S(n+k), k>0

5(n)
Jawab: 1
a. Xq(2) = Zé(n)z‘”:l_zozl 2T v
5(n-k)
N=—o00
o0 k 1
_n _
b. X5(z)= ) s(n—k)z " =z I I o
N=—o0
5(n+k)




= Contoh 3:

Tentukan transformasi Z dari sinyal X(n) =u(n)

Jawab:

u(n)

aana

2 4 Jo 1 2

X(2)=Yumz"=1+z7"+27+...
n=0

- 1_1 .dimana ‘z‘l‘<1 — ROC:|z]>1
—7

L x(n)=u(n) — X(2)= , ROC:|z|>1

1—z7¢




= Contoh 4:

Tentukan transformasi Z dari sinyal X(n) =a" u(n)

1-A

Jawab:
X(@)=Ya"u)z" = Yoz
n=0 n=0
= (A) =1+ A+ A+ A +..=
n=0
__ ! - dimana ‘az‘1‘<1 —>ROC:|z| >«
l-az

1

~ x(n)=a"u(n) — X(2)=
-«

Z

-1

, ROC:|z|>




TABEL FUNGSI DASAR TZ

Sequence z-Transform Region of Convergence
a(n) 1 all z
]
a"u(n) — |z| > |
| — 2
I
—a"u(—n — 1) [z] < le|
| —az!
) oz
na"u(n) 0 —ar iy lz| > ||
"w(—n — 1) o 2] < lex
- —n — z| < lo
o i “ ——{!_’?_I}l
| —(cosawg)z™!
08 z| = 1
cos(nan)u(n) | = 2(coswy)z™! + 277 2]
sin -
sin(newp)u(n) (sin wo)z HER

| — 2(coswy)z—! + z7¢




SIFAT-SIFAT (PROPERTY) TZ

Property Sequence z-Transform Region of Convergence
Linearity ax(n) + by(n) aX(z)+ hY(2) Contains R, N R,
Shift x(n — ny) "X (z) R,
Time reversal x(—=n) X(z7") 1/R,
Exponentiation a"x(n) X(a~'z) | R,
Convolution x(n) * y(n) X(z)Y(z) Contains R, N R,
Conjugation x*(n) X*(z*%) R,

L dX(z)
Derivative nx(n) -2 R,

dz

— — — —




SIFAT-SIFAT TRANSFORMASI-Z
" Linieritas
X(n)=axy(n)+bx,(n) — X(z)=aX.(z)+bX,(z)

= Contoh 5:
Tentukan transformasi Z dari sinyal x(n): {3(2)” —4(3)”] u(n)

X _ (o) _ .
o3 x(N) =(2)"u(n)— xl(z)_l_zz_1 , ROC:|z|>2
X,(n) =(3)"u(n)— Xz(z):1 ; — , ROC:|7]>3
| — o7
3 4 —1-z771

x(n)=B2)" - 4@)" |u) - X (z)=

1-2771 _1—32_1 - 1-5714+6772

ROC:|z|>2n|z|>3—> ROC:|z|>3




SIFAT-SIFAT TRANSFORMASI-Z

= Pergeseran

x(n—ng) — z79X(Z)

= Contoh 5:

Tentukan transformasi Z dari sinyal X(n): u(n—3)

Jawab:

xi(n)=u(n)— X,(Z)=

1
1—z71

ROC:R, =|z|>1

2—3

1—z¢ |

= x(n)=u(n-3)— X(Z)=27X,(2)= ROC:R, =[z]>1




SIFAT-SIFAT TRANSFORMASI-Z

* Time Reversal

x(-n) — Xz

= Contoh 6:

Tentukan transformasi Z dari sinyal ~ x(n)=u(-n)

Jawab:

xi(n)=u(n)— X,(Z)=

1
1—z71

ROC:R, =|z|>1

1 1

- x(n)=u(-n)— X(Z):l_(z—lfl = ROC:}/RX =z|<1




SIFAT-SIFAT TRANSFORMASI-Z

= Diferensiasi dalam domain z
dX (z)
dz

nx(n) —» -z

= Contoh 7:

Tentukan transformasi Z dari sinyal  X(n)=n anU(n)

\*3
yayxl(n)za”u(n) - X(2)= 1 -, ROC:R, =|z|>a

l-az
dX,(z2) _d( 1
~x(n=na"un) — X(@2)=—-z21\Y_ g5
(n) (n) (2) & 5 (1—az‘1j
2 1

. ’ az L _( —aZ _ aZz
A e Y Sy




SIFAT-SIFAT TRANSFORMASI-Z

= Konvolusi antara dua sinyal
x(n) =x(N)*%(n) — X(z) =X(2)X5(2)

= Contoh 8:

Tentukan konvolusi antara x,(n) dan x,(n) dengan :

1, 0<n<5
x(M={L-214  x(n)-= |
\: 0, lainnya
a °
aWN
‘/Xl(z) =1-2714+772 Xo(z)=1+z 422 +23+27%+27

X(2) =X (D)X, (2)=(1-22 + 27U+ 422+ 23+ 274+ 27)
X(z) =X ()X, (2)=1-21 -2 +77"
- x(n) =% (N)*x,(n) ={,-1,0,0,0,0,-1,1}




TRANSFORMASI Z RASIONAL

= Pole dan Zero

Pole : harga-harga z = p, yang menyebabkan X(z) = «

Zero : harga-harga z = z, yang menyebabkan X(z) = 0

* Fungsi Rasional y

bz
N@ by ibzteibzt 2
D(Z) ao +alz_l + . ._|_aNZ—N N B
> az

X(2)

k=0

a,#z0 b, 0 —» X(2)=

ZM + ﬂ ZM_1_|_... b_M

N(z) b,z™" b, b,

D(Z) aOZ_N ZN_|_ ﬁ ZN_1_|_... a_N
a, a

(@]




a,#0 b, 0 — X(2)=

M + E zZM-1 L. b_l\/l\

N(z) b,z™ b, b, |
D(Z) aoZ_N ZN+ ﬁ ZN_l-l—--. a_N
d, L2,

= N(z) dan D(z) polinom

X(z) = N@) _ &ZN—M (z-2,)(z-2,)---(z—2y)

- D(z) a, (Z-p)@EZ—p,)(Z—py)




= Contoh 9:

-1
Tentukan pole dan zero dari X (z) = 2oz

1-152 1 +05z272

Jawab:
771 z—0,75
X(z2)=2 =
z - 72°-15z2+05
z—-0,75  2z(z-0,75)

S Z-D(Z-05)  (z-1)(z—05)

. Zero: z;=0 z,=0,75
Pole: py=1 p,=05




= Contoh 10:

1+ z_1

1-714+05z272

Tentukan pole dan zerodari X (2) =

Jawab:

2(z+1)
22—z+05

X(z) =

B Z2(z+1)
" [2-(05+ j0,5)][z-(0,5— jO,5)]

oo Zero: =0 z,=1

Pole: p;=05+j05 p,=05-j05—>p, = pz*




INVERS TRANSFORMASI -Z

= Definisi Invers Transformasi-Z

Q0

N=—00

X(z)= > x(n)z™"

Teorema residu Cauchy :

1 f(2) dz_<
272] C(Z_Zo)

\O’

1

—  |X(N) = %§ X (z)z"dz

d*1f (z)

(k —1)!

,bila z, didalam C

dzk—l

bila z, diluar C



= Ekspansi deret dalam z dan z1

X (2) = ix(n)z‘n

N=—00
= Contoh 11:
Tentukan invers transformasi-z dari X (z) = L
3.1 1 o
1-—z2 "+-z2
Jawab: 2 2
X(z):1+§z_1+ZZ_Z+EZ_3+3—1Z_4
4 8 16
x(y=11>, 7 > 5L
2 4 81



= Ekspansi fraksi-parsial dan tabel transformasi-z

X(2) = X1(2) + 2 X5(2) +- -+ ag Xk (2)
X(N) = ay X (N) + o Xy (N) +- -+ i Xk (N)

= Contoh 12:
1

Tentukan invers transformasi-z dari X (z) = 7 5
1-15z2+05z2"

Jawab:
7° 7°
X(2) = > =
z¢-152+05 (z-1)(z-0,5)
X@2) 2 A LA

2 - T
Z 7¢-15z+05 (z-1) (z-0)55)



A

X(2) _ A
Z

_ A(z-05)+Ay(z-)

X(2) _

(z 1) (z-0,5)

(z-1)(z-0,5)

(AL +A)z2—(05A +A)
7°-152+05

Z _(A+A)Z-(05A +A)

V4

- 7° —-15z2+0,5

7° -15z2+0,5

AE|_+A2:1 O,5A1+A2:O —> A2

A —05A =05A =1 S A=2 o A =-

= —05A

X(2) _

2 1

Z

(z—1) (z-05)

X(z)=

2 1

1-z71) @-05z7

X(2) =

Q ".

Z
(z 1) (z 0,5)

x(n) =[2-(0,5)"Ju(n)




= Pole-pole berbeda semua

X(Z): AEI— 4ot Ak 4ot AN
Z Z— P Z—= Py Z—=PnN
(- ) X(2) _ (2= P)A (Z— Py) An

_|_..._|_Ak_|_..._|_
Z Z— Py Z— PN

(Z - P ) X(2)
Z

= A

Z=Pk




= Contoh 13:

-1
Tentukan invers transformasi-z dari X (2) =+ (3 122 )2\
(1+6z‘ +8z )
Jawab:
X()_ (B2-2) _ A A

Z (22+6z+8)_z+2 Z+4

Al:(z+2)X(z):3z—2 :—_8:_4

Z (z+4)|,_, 2
A2:(z+4)X(z):32—2 :—_14:7

4 (z+2)|,_, -2
X(z —4 I —
(2) _ N — X(2)= 41+ 7 :
Z Z+2 z+4 142z 1+4z

= x(n) =[-4(-2)" +7(-4)"Ju(n)




= Ada dua pole yang semua

X@)_ A o A P AN
Z Z— Py (z—pk)2 Z— Py Z— PN
2
Z— X(z
Alk:( pkz) (2)
Z=p
A 4] (E-P)*X()
2k =
Z Z

. Jz=py



= Contoh 14:

Tentukan invers transformasi-z dari

Jawab:

X(

Z) 7°

A

V4

X(2) =

Ay

1

(1+ z‘1X1— z‘l)2

Ag

(z+1)(z -1)? ) Z+1+ (z-1)% ' (z-1)

A

Ay

(z+D)X(z)
— : —

(2-D)°X(2)
B Z

Z2

(z-1)°

(z+))

Y=




2

A _d (z-1)°X(@2)| d| z
Podz| z | dz|(z+1)
(22)(2 +1)—(1)(z) z° + 22
(z +1)° (z+1) Z:
Q) ook
z+1 (z— 1) (z 1)
Cwm=| L tal 3
A x(n)__4( 1) +2n+4_u(n)




" Pole kompleks

X (z) = A -+ % -
l-pz~ 1-pz
pp=p — p=p~
A=A > A =A*
A AT CA-Ap*z Tt A*—A*pzt
1- pz‘1 1- p*z‘1 1- pz‘l— p*z‘1+ pp"‘z‘2

(A+ A% —(Ap*+A*p)zt  by+bz™
1

2

1-(p+ p*)z‘1+ pp*z‘2 14 aqZ " +anz



A+ A*=Re(A)+ jIm(A) + Re(A) — j Im(A) = 2Re(A)
b, = A+ A*=2Re(A)

p+ p*=Re(p)+ jIm(p)+Re(p)— jIm(p) =2Re(p)
a; =(p+ p*)=-2Re(p)

pp*=[Re(p)+ JIm(p)][Re(p)— J Im(p)]

=Re’(p)+Im*(p)=|p" — a,=pp*=|p|°
Ap*+A* p =[Re(A)+ ] Im(A)][Re(p) — J Im(p)]
+[Re(A) — JIm(A)][Re(p) + J Im(p)]
=2Re(A)Re(p)+2Im(A) Im(p)
Ap*=[Re(A) + J Im(A)][Re(p) — J Im(p)]

=[Re(A)Re(p) + Im(A) Im(p)]+ j[Re(p) Im(A) —Re(A) Im(p]
b =—(Ap*+A* p) =-2Re(Ap*)



= Contoh 15:

14771

Tentukan invers transformasi-z dari X (z) =

1-771405272

Jawab:

1+771 B b, +blz_1

1-2140527% 1+az *+a,z”

X(2) = 5

b, =2Re(A)=1 — Re(A)=0,5
a;=—2Re(p)=-1 — Re(p)=0,5
b =2Re(Ap*)=1 — Re(Ap*)=0,5

a, =|p|° =0,5 — Re?(p)+Im?(p)=05




Re(p) = 0,5 Re(A) = 0,5

Re*(p) + Im*(p) = 0,25 + Im?*(p) = 0,5

Im*(p) =0,25 — Im(p) =05 — p=05+j05
Ap* =[0,5+ JIm(A)](0,5 — JO,5)

Re(Ap*)=0,25+0,5Im(A)=0,5
Im(A)=05 — A=05+j05

A A*
1-pz™ - p*z™
__ 05+j05  05-j05
1-(05+j05)z" 1-(05-j0,5)z™

X(2) =




0,5+ j05 05— j05

X(2)= _ —+ _ =
1-(05+ )05z~ 1-(0,5-]0,5)z

05+ j05=0,707e" 05— j0,5 = 0,707e

x(n) = (0,5+ j0,5)(0,707e'*)" +(0,5— j0,5)(0,707e'*)"
=(0,5)(0,707)" (cos45n + jsin 45n)
+ J(0,5)(0,707")(cos45n + jsin 45n)
+(0,5)(0,707)" (cos45n — jsin 45n)
— J(0,5)(0,707")(cos45n — jsin 45n)
=(0,707)" cos45n —(0,707)" sin 45n




